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ABS T M C T  

I n  t h e  preceding  r e p o r t  of t h i s  series (Boeing document D1-82-0590) 

t h e  E u l e r i a n  e q u a t i o n s  f o r  t h e  p r e c e s s i o n  and n u t a t i o n  of s e l f - g r a v i t a t i n g  

deformable b o d i e s  have been set up, w i t h  c o e f f i c i e n t s  e x p r e s s i b l e  i n  terms 

of t h e  d isp lacement  components a r i s i n g  from deformat ion  which may o s c i l l a t e  

w i t h  t h e  t i m e .  The a i m  of t h e  p r e s e n t  r e p o r t  w i l l  be  t o  d e r i v e  a n  e x p l i c i t  

form of t h e  e q u a t i o n s  which govern t h e  deformat ions  of s e l f - g r a v i t a t i n g  

v i s c o u s  b o d i e s  i n  an  e x t e r n a l  f i e l d  of f o r c e ;  and t o  s o l v e  them i n  t h e  

p a r t i c u l a r  case of a homogeneous compress ib le  c o n f i g u r a t i o n  of a r b i t r a r i l y  

h i g h  v i s c o s i t y .  A p o s s e s s i o n  of such a s o l u t i o n  t h e n  opens t h e  way f o r  t h e  

e v a l u a t i o n  of t h e  c o e f f i c i e n t s  of t h e  g e n e r a l i z e d  e q u a t i o n s  ( 4 - 3 8 )  - (4-40) 

f o r  t h e  p r e c e s s i o n  and n u t a t i o n  of deformable b o d i e s ,  and t o  t h e i r  e v e n t u a l  

s o l u t i o n .  

An a p p l i c a t i o n  of t h e  r e s u l t s  presented  herewi th  t o  t h e  p h y s i c a l  

l i b r a t i o n s  of t h e  Moon, o r  t h e  l u n i - s o l a r  p r e c e s s i o n  and n u t a t i o n  of t h e  

E a r t h  w i l l  be  g iven  i n  subsequent r e p o r t s  of t h i s  series. The s e c t i o n s  

(as w e l l  as e q u a t i o n s )  of t h e  p r e s e n t  r e p o r t  are numbered c o n s e c u t i v e l y  t o  

t h o s e  of Report  I. 
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V. DEFORMATION OF SELF-GRAVITATING VISCOUS FLUIDS IN EXTERNAL FIELD 
OF FORCE: FUNDAkiENTAL EQUATIONS 

The fundamental equations in viscous fluid motion in Cartesian 

coordinates have already been stated in Section I1 of our previous report 

(hereafter referred to as Report I). 

of the motions invoked by t i des  in self-gravitating systems--i.e., 

deformations of configurations which, in the absence of external force 

would be spherical in form--we find it expedient to change over from 

rectangular coordinates x,y,z to spherical polar coordinates r,8,$, 

related with the former by 

In order to use them for studies 

(5-1) I x = r cos 4 sin 8 ,  

y = r sin 4 sin e ,  

z = r cos e. 
. 

If so ,  then--at a price of some loss of symmetry--equations (2-1) - 

(2-11) of Section I1 can be rewritten as 

- - a  2u 2v cot 8 1  + ”[” - $1 
2 ar ar r 2 r 

(5-2) 

L X J + $ -  r 1 ”[ 1 au.E-LI], 
+ ~ a e [ r  ae ‘1 + r sin 8 a$ r sin 0 a$ ar r 

2 v 2 ]  
+ - - -  2 au 2 COS e 2 - 
r ae sin 0 a$ r sin e 

(5-3) 
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+ LilL [a + L a v  - - 
ar ar r a e  :]+r a e [ r  a e  r 3h] 2.h L 3 V + V - -  

1 - + - - -  av 1 aw W c o t  e 
r s i n  e a$ r a e  r + 

W(U+V c o t  0 )  - 1 1 DW - 
P E + P  r 

2 w 2  ] au 2 COS e a - - +  
2 '4 r 2 s i n 2 e  r s i n  e r s i n  0 

+ (5-4) 

1 - -  
r 

1 
r s i n  e a$ r 

a w  u+v c o t  e - "1 
+ 1: s f n  0 $[r s'in e z+ r 3 

where t h e  p o l a r  v e l o c i t y  components 

v e l o c i t i e s  u,v,w of Report I by 

U , V , W  are r e l a t e d  w i t h  t h e  r e c t a n g u l a r  

u = i- = u c o s  $ s i n  e + v s i n  $ s i n  e + w c o s  e ,  

v = r i  = u cos  6 cos  e + v s i n  4 cos  e - w s i n  e ,  

w = ( r  s i n  e ) $  = -u s i n  6 + v cos  $; 

t h e  o p e r a t o r s  

1 -  a 2  (5-8) 
2 

1 

r s i n  0 + 2  2 ar r 

i a  2 1 
2 ar r 

(r '1 + r s i n  e A =: - -  

a - = L + L + l L +  D 1 - .  
D t  a t  ar r a e  r s i n  e a$ ' 

(5-9) 

(5-10) 
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and all other symbols possess the same meaning as in Section I1 of 

Report I. 

In order to study the displacements governed by the foregoing 

system of equations, we shall hereafter assume that all three velocity- 

components U,V,W of viscous motion are small enough for their squares 

and cross-products to be negligible. Let, moreover, the pressure P, 

density p ,  and gravitational potential R characterizing the internal 

structure of our configuration be expressible as 

(5-11) 

(5-12) 

(5-13) 

where Po,  po ,  and R o  refer t o  the respective properties of our 

configuration in its stationary (equilibrium) state; and P ' , p ' , f i '  stand 

for their changes brought about by motion with the velocity components 

U,V,W. 

In the state of equilibrium (when U = V = W = 0), equation (5-2) 

reveals at once that 

where the gravitational acceleration 

F 

g = G  mo=% por dr. 
r 2 r  

(5-14) 

(5-15) 
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I f ,  moreover, w e  r e g a r d  t h e  c o e f f i c i e n t  P 

of r o n l y ,  and assume t h a t  t h e  primed f u n c t i o n s  P ' , p ' , R '  a r e - - l i k e  t h e  

v e l o c i t y  components 

p r o d u c t s  t o  b e  n e g l i g i b l e ,  t h e  fundamental  e q u a t i o n s  (5-2) - (5-4) of 

motion reduce t o  t h e i r  l i n e a r i z e d  forms 

of v i s c o s i t y  t o  b e  a f u n c t i o n  

U,V,W - - s m a l l  enough f o r  t h e i r  s q u a r e s  and c r o s s -  

au P a t =  P 

av 1 P a t - -  - 
r 

(5-16) 

(5-17) 

- 

1 + %  [Z aw + r s i n  ee-;], 
where we have dropped f o r  s i m p l i c i t y - - t h e r e  should  be no danger  of 

confusion--the z e r o  s u b s c r i p t  of 
P O '  

Moreover, t h e  e q u a t i o n  (2-12) of c o n t i n u i t y  and t h e  Poisson  e q u a t i o n  

(2-13) can b e  s i m i l a r l y  l i n e a r i z e d  t o  y i e l d  

(5-19) 
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and 

2 
V R '  = -4nGp', 

r e s p e c t i v e l y .  

(5-20) 

The f o r e g o i n g  e q u a t i o n s  (5-16) - (5-20) c o n s t i t u t e  a s imul taneous  

l i n e a r  system of f i v e  r e l a t i o n s  between s i x  dependent v a r i a b l e s :  U,V,W; 

P ' , p '  and R ' .  I n  o r d e r  t o  r e n d e r  t h i s  system d e t e r m i n a t e ,  a n  a d d i t i o n a l  

r e l a t i o n  between them must be sought ;  and t h i s  can be deduced from t h e  

p r i n c i p l e  of t h e  c o n s e r v a t i o n  of energy. I f ,  f o r  t h i s  purpose,  w e  assume 

t h e  changes i n  t h e  s ta te  v a r i a b l e s  t o  be a d i a b a t i c ,  t h e  r e s p e c t i v e  e q u a t i o n  

can b e  shown t o  assume t h e  form 

2 %  
D t  ' = a  D t  (5-21) 

where 

(5-22) 2 P 
a = y P  

d e n o t e s  t h e  s q u a r e  of t h e  v e l o c i t y  of sound i n  t h e  material c h a r a c t e r i z e d  

by a r a t i o  y of s p e c i f i c  h e a t s ;  and which f o r  small changes i n  s ta te  can 

b e  r e p l a c e d  by i t s  l i n e a r i z e d  v e r s i o n  

(5-23) 

which by u s e  of (5-14) and (5-19) can b e  r e w r i t t e n  t o  assert t h a t  
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(5-24) 

where zero  s u b s c r i p t s  of p and a2 have l i k e w i s e  been omi t t ed .  

V I .  SPHEROIDAL DEFORMATIONS 

I n  o r d e r  t o  proceed f u r t h e r ,  l e t  u s  h e r e a f t e r  assume t h a t  t h e  

a n t i c i p a t e d  deformat ion  of ou r  c o n f i g u r a t i o n  is  spheroidaZ--which i m p l i e s  

t h a t  t h e  v e l o c i t y  components U,V,W are c o n s t r a i n e d  t o  b e  of t h e  form 

ayi i 
a e  v = v ( r , t >  

where u ( r , t )  as w e l l  as v ( r , t )  are f u n c t i o n s  of r and t o n l y ,  

w h i l e  t he  Y . ( e , $ ) ' s  are s u r f a c e  harmonics  of index  i and o r d e r  j, 

obeying the  d i f f e r e n t i a l  e q u a t i o n  

i 
J 

I f ,  fu r the rmore ,  w e  a b b r e v i a t e  

and 
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i t  fo l lows  by i n s e r t i o n  of (6-1) - (6-3) i n  (5-9) t h a t  

wh i l e  t h e  l i n e a r i z e d  equa t ion  (5-19) of c o n t i n u i t y  w i l l  assume t h e  

form 

and t h e  energy equa t ion  (5-24) t ransforms i n t o  

- -  2 i  2 i  - p(gu - a y)Yj  = -a hY . ap 
a t  j 

A s  a r e s u l t  

(6-9) 

(6-10) 

and 

On t h e  o t h e r  hand, an  i n s e r t i o n  of (6-1) - (6-3) on t h e  r igh t -hand 

s i d e s  of e q u a t i o n s  (5-16) - (5-18) r e v e a l s  t h a t  t h e  v i scous  terms t r ans fo rm 

i n t o  
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w h i l e  

and 

2 au v -  2 c o s  e aw+ 1 a b )  
2 2  2 2 a 4  3 r  a e  a e  r s i n  e r s i n  o 

W 1 2 au 2 COS e 3 - 
r s i n  8 r s i n  8 21 2 2 % +  2 2 a 4  r2sin2e + 3 r  s i n  e 

(6-12) 

(6-13) 

(6-14) 

I f ,  l a s t l y ,  w e  se t  

a d i f f e r e n t i a t i o n  of t h e  f i r s t  fundamental  e q u a t i o n  (5-16) of motion 

w i t h  respect t o  t h e  t i m e  r e n d e r s  t h e  l a t t e r  t o  assume, f o r  s p h e r o i d a l  

deformations,  t h e  e x p l i c i t  form 
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p 7 a u  = p - +  a R  - a (a 2 h )  + gf +at aF  ; 
2 

ar ar 
a t  

w h i l e  e q u a t i o n s  (5-17) and (5-18) s i m i l a r l y  t r e a t e d  can b o t h  b e  

reduced t o  

2 ac 
2 a t  

2 
p r  - a - - p R +  a h + - , 

a t  

(6-16) 

(6-17) 

where t h e  q u a n t i t i e s  f and h a r e  d e f i n e d  by e q u a t i o n s  (6-8) and (6-9);  

t h e  v i s c o u s  terms F and G by (6-12) and (6-13) and R,  by (6-15). 

The f o r e g o i n g  e q u a t i o n s  (6-16) and (6-17) c o n s t i t u t e  a s imul taneous  

set  of p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  f o r  t h e  unknown f u n c t i o n s  u ( r , t )  

and v ( r , t )  in t roduced  by (6-1) - (6-3). Before,  however, w e  s o l v e  f o r  

them i t  is  d e s i r a b l e  t o  e l i m i n a t e  t h e  p o t e n t i a l  f u n c t i o n  R ( r , t )  between 

them; and t h i s  can be done i n  t h e  fo l lowing  manner. 

F i r s t ,  d i v i d e  b o t h  s i d e s  of e q u a t i o n  (6-17) by p ,  d i f f e r e n t i a t e  

w i t h  respect t o  r ,  and then  e l i m i n a t e  a R / a r  between i t  and e q u a t i o n  

(6-16): t h e  outcome w i l l  assume t h e  form 

- a2  ( r z ) + z l ; - & ( f ) l  a~ + a ~ y = ~ ,  2 
2 a t  

(6-18) 

where y and z c o n t i n u e  t o  be d e f i n e d  by (6-5) and (6-6), and where w e  

have  a b b r e v i a t e d  

(6-19) 

so t h a t ,  by (5-14) and (5-22) , 
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(6-20) 

I n  o r d e r  t o  o b t a i n  a second independent r e l a t i o n  between 

v which does n o t  i n v o l v e  R ,  r e c o u r s e  must be had t o  t h e  Poisson  

equat ion  (5-20). 

and i n s e r t i n g  from (6-15) w e  f i n d  t h a t  t h e  r a d i a l  p a r t  of 

s a t i s f y  t h e  d i f f e r e n t i a l  e q u a t i o n  

u and 

D i f f e r e n t i a t i n g  t h e  l a t t e r  w i t h  r e s p e c t  t o  t h e  t i m e  

a n ' / a t  should 

R + - - - j(j + 1) 7 = -4nG ao' a t  = 4nGf 2 a R  - a 
ar 2 r ar r 

(6-21) 

2 by (6-8). Now m u l t i p l y  (6-16) by r /p and d i f f e r e n t i a t e  w i t h  r e s p e c t  

t o  r:  t h e  r e s u l t  w i l l  be  

(6-22) 

which i n s e r t e d  i n  (6-21) t o g e t h e r  w i t h  (6-17) reveals t h a t  

2 i a  2 a  1 a r n f  
2 ar p ar 2 ar 

r 

- =  2 4nGf +--IL- (a2h)1  +:-I I 2 a t  
(6-23) 

- 
r 

where,  i t  may b e  remembered, 

by (5-15). 

(6-24) 
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If we eventually insert for F and G from (6-12) and (6-13), 

our fundamental simultaneous equations (6-18) and (6-23) for u and v 

will assume the more explicit forms 

- a2 2 i a  
2 P a t  at 

(rz) + a Ay = -- 

+ 2(Y - ">" ar ar 

(6-25) 

and 

a2 2 - (r Y) 
at 

2 

- 
(6-26) 

The foregoing system (6-25) - (6-26) of two simultaneous linear 

differential equations for u and v is evidently one of fourth order 

in t, and of sixth order in r. If viscosity p were absent, the 

right-hand sides of both (6-25) and (6-26) would vanish identically; 
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a t  a l l  times. 

Next, l e t  u s  r e q u i r e  t h a t  t h e r e  b e  no v a r i a t i o n  i n  p r e s s u r e  a t  t h e  

c e n t e r  ( r  = 0) and over  t h e  d i s t o r t e d  s u r f a c e  ( r  = r*). The v a n i s h i n g  

of 

i f ,  i n  a d d i t i o n  t o  u ( 0 , t )  = 0,  a l s o  

a P ' / a t  as g iven  by (6-9) a t  t h e  c e n t e r  w i l l  o b v i o u s l y  b e  f u l f i l l e d  

(e)o = 0 ;  (7-2) 

w h i l e  on t n e  s u r f a c e ,  where 

p(r*)  = N r , )  = 0 ,  

-~ 

and t h e i r  l e f t - h a n d  s i d e s  equated t o  z e r o  would c o n s t i t u t e  e q u a t i o n s  each 

of which would b e  of second o r d e r  w i t h  r e s p e c t  t o  t h e  t i m e .  

so  t r u n c a t e d  would reduce t o  a f i r s t - o r d e r  e q u a t i o n  w i t h  respect t o  

w h i l e  (6-25) would remain one of t h i r d  o r d e r  i n  t h e  s p a t i a l  v a r i a b l e .  

appearance of even a c o n s t a n t  v i s c o s i t y  LI would ra ise  t h e  o r d e r  

of (6-25) from one t o  t h r e e ;  b u t  t h e  o r d e r  of (6-26) would remain u n a l t e r e d .  

However, (6-25) 

r ;  

The 

VII. BOUNDARY CONDITIONS 

Before w e  can proceed w i t h  t h e  s o l u t i o n  of t h e  e q u a t i o n s  e s t a b l i s h e d  

i n  t h e  preceding s e c t i o n ,  l e t  u s  s p e c i f y  t h e  boundary c o n d i t i o n s - w h i c h  such 

s o l u t i o n s  w i l l  be  c a l l e d  upon t o  s a t i s f y .  S ince  our  g e n e r a l  system (6-25) - 

(6-26) has proved t o  be one of s i x t h  o r d e r ,  s i x  boundary c o n d i t i o n s  are 

obviously n e c e s s a r y  f o r  a complete s p e c i f i c a t i o n  of a d e s i r e d  p a r t i c u l a r  ' 

s o l u t i o n ;  and i n  what f o l l o w s  w e  s h a l l  enumerate t h e s e  i n  t u r n .  

F i r s t ,  t h e  obvious requirement  t h a t  t h e r e  b e  no d isp lacement  a t  t h e  

c e n t e r  n e c e s s i t a t e s  t h a t  

u ( 0 , t )  = v ( 0 , t )  = 0 (7-1) 

(7-3) 
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t h e  van i sh ing  on t h e  r ight-hand s i d e  of e q u a t i o n  (6-9) i s  a u t o m a t i c a l l y  

s a t i s f i e d  provided on ly  t h a t  u ( r* )  remains bounded. 

It is  of i n t e r e s t  to n o t e  t h a t  i f ,  i n  a d d i t i o n  t o  (7-2) ,  

l i m - = ( z )  v dv = o 
n r (7-4) 
V r 4  

t h e  l i n e a r i z e d  equa t ion  (6-8) of c o n t i n u i t y  ensu res  t h a t  t h e r e  w i l l  a l s o  

be no v a r i a t i o n  of d e n s i t y  a t  t h e  c e n t e r  as w e l l .  

A t  t h e  boundary r = rlk of a s e l f - g r a v i t a t i n g  c o n f i g u r a t i o n  of 

v i s c o u s  f l u i d  w e  may r e q u i r e  t h e  van i sh ing  of t h e  r a d i a l  v i scous  stress 

components 

u = u  = r J  = o .  rr r e  r+ (7-5) 

The e x p l i c i t  forms of t h e  s i x  components u of v i scous  stresses i n  

C a r t e s i a n  c o o r d i n a t e s  have a l r e a d y  been g iven  by equa t ions  (2 -5 ) -  (2-10) 

of Report  I. Rewri t ing  t h e s e  i n  s p h e r i c a l  p o l a r  c o o r d i n a t e s  w e  f i n d  t h a t  

ij 

au 
rr (7-6) 
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(E) = o  (7-9) 

(7-10) 

f o r  r = r*. 

by (6-1) - (6-3);  s o  t h a t  a l l  t h r e e  r a d i a l  components of t h e  v i s c o u s  

stress t e n s o r  w i l l  v a n i s h  on t h e  s u r f a c e  provided t h a t  

and 

The l a s t  t y p e  of t h e  boundary c o n d i t i o n s  which w e  must i n v e s t i g a t e  

c o n s i s t s  of t h e  requirement  t h a t  t h e  t o t a l  g r a v i t a t i o n a l  p o t e n t i a l  and 

i t s  normal d e r i v a t i v e  ( i . e . ¶  g r a v i t a t i o n a l  a c c e l e r a t i o n )  must b e  cont inuous  

a c r o s s  t h e  f r e e  boundary of t h e  d i s t o r t e d  c o n f i g u r a t i o n ;  and t h i s  can be 

enforced  i n  t h e  fo l lowing  manner. 

L e t  t h e  t o t a l  p o t e n t i a l  W of a l l  f o r c e s  a c t i n g  upon any p o i n t  of 

our  c o n f i g u r a t i o n  b e  expressed  as t h e  sum 

(7-11) T' W = R + V  

where R d e n o t e s  ( a s  b e f o r e )  t h e  p o t e n t i a l  a r i s i n g  from t h e  mass of t h e  

r e s p e c t i v e  body and 

(7-12) 

s t a n d s  €o r  a p o t e n t i a l  of t h e  f o r c e s  c a u s i n g  t h e  d i s t o r t i o n  (such as t h e  

a t t r a c t i o n  of e x t e r n a l  masses ,  f o r  i n s t a n c e ) ,  s p e c i f i e d  by a set  of t h e  

f u n c t i o n s  C ( t ) .  
i¶j 
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The t o t a l  p o t e n t i a l  W must obvious ly  s a t i s f y  t h e  Poisson  

e q u a t i o n  

2 V W = -4nGp. (7-13) 

I f ,  moreover, t h e  p o t e n t i a l  R a r i s i n g  from t h e  mass and t h e  i n t e r n a l  

d i s t r i b u t i o n  of d e n s i t y  p are l i k e w i s e  e x p a n s i b l e  i n  t h e  form 

and 

(7 -14)  

(7-15) 

i 
J 

( r , t ) ,  gi . ( r , t )  

where t h e  Y . ’ s  are s u r f a c e  harmonics s a t i s f y i n g  e q u a t i o n  ( 6 - 4 )  and 

are f u n c t i o n s  as y e t  u n s p e c i f i e d ,  i t  f o l l o w s  from 
2i,j 9J 
(7 -14)  and (7 -15)  t h a t  e q u a t i o n  (7-13)  can be expressed  more e x p l i c i t l y  

i n  t h e  form 

(7-it3 j 

This  l i n e a r  nonhomogeneous equat ion  f o r  2 can ,  i n  t u r n ,  b e  shown 

(by s t a n d a r d  methods) t o  admit of t h e  s o l u t i o n  

(7-17) 
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t h e  p a r t i c u l a r  i n t e g r a l  of which c o n s i s t s  of a sum of t h e  i n t e r i o r  and 

e x t e r i o r  p o t e n t i a l  a r i s i n g  from t h e  mass i t s e l f ,  and t h e  complementary 

f u n c t i o n  r e p r e s e n t s  t h e  d i s t u r b i n g  p o t e n t i a l  (7-12). The r e a d e r  may n o t e  

t h a t ,  f o r  j = 0 ( i . e . ,  i n  t h e  case of s p h e r i c a l  symmetry), t h e  f o r e g o i n g  

e q u a t i o n  (7-17) reduces  t o  

r 2  
p r  d r  + 47rG 

which makes t h e  n a t u r e  of t h i s  s o l u t  

m 

p r d r  + a c o n s t a n t ,  (7-18) 
r 

on obvious.  Moreover, t h e  i n f i n i t  ! 

upper  l i m i t  i n  t h e  second i n t e r v a l  on t h e  r ight-hand s i d e  of (7-17) o r  

(7-18) can be r e p l a c e d  by t h e  mean r a d i u s  

c o n f i g u r a t i o n  wi thout  a l t e r i n g  t h e  v a l u e  of t h e  r e s p e c t i v e  i n t e g r a l ;  s i n c e  

r* of t h e  r e s p e c t i v e  

L e t  u s  d i f f e r e n t i a t e  now t h e  e q u a t i o n  (7-17) w i t h  r e s p e c t  t o  r :  

i n  doing s o  w e  f i n d  t h a t  

(7-19) 

which combined w i t h  (7-17) y i e l d s  

- 
ar 

= ( 2 j + l ) C r  j -1 + 4nGr j jT* g r l - j d r  
r r 

(7-20) 
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for any value of i and j; and at the surface of our configuration 

(i.e., for r = r*) equation (7-20) reduces further to 

as+ M~ j -1 = (2j + 1)Cr, . 1.; r } r=r* (7-21) 

Let us next differentiate the foregoing relation with respect to 

the time. Since, by a comparison of (7-14) with (6-15) it follows that 

the boundary condition (7-21) can at once be rewritten to assert that 

(7-23) 

where the surface values of R and aR/ar can be inserted from (6-16) 

and (6-17) in terms of the local values of u and v which, in turn, are 

constrained by the condition (7-5) to satisfy the equations (7-9) and 

(7-10) . 
The question can be raised, in this connection, as to the boundary 

condition which the function R(r,t) must satisfy at the center r = 0 

of our configuration. In order t o  ascertain its form, let us return to 

equation (7-17), divide its both sides by r , and differentiate with 

respect to r: the outcome of these operations discloses that 

j 

r 
47rG grj+*dr. 

r r 
(7-24) 
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D i f f e r e n t i a t e  now a g a i n  b o t h  s i d e s  of t h i s  e q u a t i o n  w i t h  r e s p e c t  t o  

t :  inasmuch as 

(7-25) 

where t h e  f u n c t i o n  f h a s  a l r e a d y  been d e f i n e d  i n  terms of u and v 

by equat ion  (6-8),  i t  f o l l o w s  from (7-22) and (7-24) - (7-25) t h a t  

S i n c e  

(7-26) 

(7-27) 

r + O  r + O  

i t  fo l lows  from (7-26) t h a t  

R ( 0 , t )  = 0,  (7-28) 

which t o g e t h e r  w i t h  (7-23) r e p r e s e n t s  t h e  boundary c o n d i t i o n s  imposed on 

t h e  a c c e p t a b l e  s o l u t i o n s  of e q u a t i o n  (6-21). 

The r e a d e r  may n o t e  t h a t ,  i n  t h e  absence  of any e x t e r n a l  d i s t u r b i n g  

f o r c e s  which depend on t h e  t i m e ,  t h e  boundary c o n d i t i o n s  (7-23) as w e l l  as 

(7-28) are homogeneous i n  R ,  j u s t  as e q u a t i o n  (6-21) i t s e l f  i s  

homogeneous i n  i t s  dependent v a r i a b l e s .  Should t h i s  b e  t h e  case, t h e  

s o l u t i o n s  of our  e q u a t i o n s  of S e c t i o n  V I  would cor respond,  e.g., t o  free 
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s p h e r o i d a l  o s c i l l a t i o n s  of compressible  s e l f - g r a v i t a t i n g  c o n f i g u r a t i o n s  

of v i s c o u s  f l u i d  w i t h  a i r  arbi t rary  ampl i tude .  However, t h e  p h y s i c a l  

l i b r a t i o n s  of t h e  Moon ( o r  t h e  t i d a l  phenomena i n  g e n e r a l )  belong t o  t h e  

c a t e g o r y  of forced o s c i l l a t i o n s ,  w i t h  ampl i tudes  governed by d i s t u r b i n g  

f o r c e s  of e x t e r n a l  o r i g i n ,  t h e  magnitude of which depends on t h e  t i m e .  

S i n c e  t h e  s o l u t i o n  of our  problem of l u n a r  l i b r a t i o n s  depends on t h e  

n a t u r e  of t h e  a t t r a c t i o n  e x e r t e d  on t h e  g lobe  of t h e  Moon by t h e  E a r t h  

and t h e  Sun, as determined by t h e  d i s t u r b i n g  p o t e n t i a l  

dependence of t h e  q u a n t i t i e s  

i n v e s t i g a t e d .  Before doing so  we wish ,  however,. t o  c o n s i d e r  a p o s s i b i l i t y  

V T ,  t h e  t i m e  

. ( t )  i n  (7-12) w i l l  have t o  be 
ci , J  

of resonance between f r e e  and forced  o s c i l l a t i o n s  i n  t h e  Earth-Moon s y s t e m ;  

and t o  t h i s  t a s k  w e  s h a l l  a d d r e s s  o u r s e l v e s  i n  t h e  next  t h r e e  s e c t i o n s  of 

t h i s  r e p o r t .  

V I I I .  SOLUTION FOR HOKOGENEOUS BODIES: FREE OSCILLATIONS 

I n  S e c t i o n s  V - V I 1  t h e  e q u a t i o n s  have been se t  up which should govern 

s p h e r o i d a l  o s c i l l a t i o n s - - f r e e  o r  forced--of s e l f - g r a v i t a t i n g  c o n f i g u r a t i o n s  

u i  viscuus fluid, of which physical l i b r z t i c n s  cf the, KXT! v i l l  c~nst_it_ij t_e 

a p a r t i c u l a r  c a s e .  The a i m  of t h e  p r e s e n t  s e c t i o n  w i l l  be  t o  p a r t i c u l a r i z e  

our  problem i n  one more r e s p e c t  t o  f a c i l i t a t e  a p p l i c a t i o n s  t o  t h e  Moon: 

namely, i n  t a k i n g  advantage o f  the  f a c t  t h a t  a s e l f - g r a v i t a t i n g  g lobe  of 

s o  s m a l l  a mass can be expected t o  b e  so n e a r l y  homogeneous t h a t  

i t s  i n t e r i o r  can,  t o  a good approximation,  b e  regarded a s  c o n s t a n t .  The 

p h y s i c a l  r e a s o n s  why t h i s  should b e  s o  have been expla ined  e l sewhere  

( c f . ,  e . g . ,  Kopal, 1966; Chapter VII )  and need n o t  be r e p e a t e d  i n  t h i s  

p l ace .  They e n t i t l e  u s ,  however, t o  conclude t h a t ,  throughout  most p a r t  of 

= c o n s t a n t  and (though t o  a lesser t h e  l u n a r  i n t e r i o r ,  t h e  assumptions 

p,(r) i n  

P O  
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degree)  l~ = c o n s t a n t  should r e p r e s e n t  good approximations.  Moreover, 

t h e i r  a d o p t i o n  w i l l  prove t o  s i m p l i f y  t h e  s o l u t i o n  of our  e q u a t i o n s  of 

Sec t ion  V I  t o  such an  e x t e n t  t h a t  t h e  under ly ing  problem can b e  so lved  i n  

a c l o s e d  form i n  terms of c e r t a i n  hypergeometr ic  series which w e  s h a l l  now 

proceed t o  c o n s t r u c t .  

To begin  w i t h ,  l e t  u s  change over  from t h e  p h y s i c a l  independent 

v a r i a b l e s  r , t  of o u r  problem t o  t h e  cor responding  nondimensional v a r i a b l e s  

X , T  d e f i n e d  by t h e  e q u a t i o n s  

r = r*x, 

T 
t =  JZnGpO 

normalized so  t h a t  

between t h e  c e n t e r  and t h e  s u r f a c e  of our  c o n f i g u r a t i o n .  I f  s o ,  t h e n  

f o r  c o n s t a n t  p o  e q u a t i o n  (5-14) can be r e a d i l y  i n t e g r a t e d  t o  

2 2  2 - - _  n ~ p  r (1-x >, 
3 o *  

while  (5-15) y i e l d s  

4 
3 o *  g = - I T G ~  r x 

and from (5-22) combined w i t h  (8-3) ,  

2 2  2 a = - nGp r y(1-x ) .  3 0 "  

(8-3) 

(8-4) 

(8-5) 
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PIoreover, in accordance with (6-19), 

so that (6-20) assumes the form 

2 4  a A = - I T G ~  r x; 3 O *  

and, lastly, by (6-8) and (6-9) 

4 2 -  gf  = - ~ G p ~ x y  3 

and 

a 2 h = - 2 nGp 2 r (~(1-x 2 -  ) y  - ~xu), 
3 0 "  

(8-7) 

(8-8) 

(8-9) 

where we have abbreviated 

- - 
y = r,y and z = r z .  (8-10) * 

If s o ,  the system (6-25) - (6-26) of our fundamental equations of 

motion can, for constant p, be rewritten as 

and 
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(8-12) 

where 

- 
(8-13) 

211 
l J =  

Pori-  

s t a n d s  f o r  a nondimensional  c o n s t a n t  parameter p r o p o r t i o n a l  t o  t h e  v i s c o s i t y .  

L e t  us  d i s r e g a r d  a t  f i r s t  t h e  te rms  f a c t o r e d  by 1; i n  t h e  fo rego ing  

equa t ions  (8-11) - (8-12) and- -an t i c ipa t ing  t h e  motion governed by them t o  b e  

harmonic--se t 

-2  - -  - -v , a 2  
a T  

2 (8-14) 

where < s t a n d s  f o r  t h e  (normal ized)  f requency  of t h e  r e s p e c t i v e  motion.  

I f  so ,  the sys t em (8-11)- (8-12)  obv ious ly  reduces  t o  

+ x s  ax 

1 1 (1-x2)$ - xu 
2 

and 

.. - 2 -  
y = v 2,  

r e s p e c t i v e l y  . 

J 

t ( c 2  + 619 = 0 

(8-15) 

(8-16) 

The fo rego ing  e q u a t i o n s  (8-15) and (8-16) c o n s t i t u t e  a f o u r t h - o r d e r  

s imul taneous  system f o r  the v e l o c i t y  components u and v. However, i n  

t h i s  p a r t i c u l a r  c a s e  of a homogeneous c o n f i g u r a t i o n ,  t h e i r  i n t e g r a t i o n  
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can be  s p l i t  up i n  two s t a g e s .  

e q u a t i o n s  (6-5) - (6-6) and (8-16),  

F i r s t ,  l e t  u s  n o t e  t h a t ,  by v i r t u e  of 

which on i n s e r t i o n  i n  (8-15) y i e l d s  

where we have abbrev ia t ed  

(8-19) 

The fo rego ing  r e l a t i o n  (8-17) c o n s t i t u t e s  a second-order d i f f e r e n t i a l  

e q u a t i o n  f o r  which can be i n t e g r a t e d  as i t  s t a n d s ;  and once i t s  s o l u t i o n  

h a s  been o b t a i n e d ,  t h e  v e l o c i t y  components u and v can be so lved  f o r  

from t h e  e q u a t i o n s  

9 

(8-20) 

r e s u l t i n g  from (8-10) and (8-16). 

L e t  u s ,  however, r e t u r n  now t o  e q u a t i o n  (8-18). I f  w e  s u b s t i t u t e  

2 
x = 5 ,  t h e  l a t t e r  can be  r e w r i t t e n  as 

(8-21) 
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and i t s  complete p r i m i t i v e  can be expressed  as a l i n e a r  combinat ion of 

two hypergeometr ic  series of t h e  form 

j 2 -j-1 2 = Ax F ( a , b , c , x  ) + Bx F(a-c+l,b-c+l,2-c,x >, 

where A , B  are a r b i t r a r y  i n t e g r a t i o n  c o n s t a n t s ,  and 

i b = 4 [ 2 j  + 5 T -1, 

c = j + 7 .  3 

(8-22) 

(8-23) 

The f i n i t e n e s s  of $ as g iven  by e q u a t i o n  (8-22) a t  t h e  o r i g i n  

obviously r e q u i r e s  t h a t  B = 0. Moreover, inasmuch as ,  by (8-23),  

a + b - c = 1, (8-24) 

an  a p p l i c a t i o n  of s t a n d a r d  tests f o r  t h e  convergence of  hypergeometr ic  

se r ies  d i s c l o s e s  t h a t  bo th  series on t h e  r ight-hand s i d e  of (8-22) d i v e r g e  

f o r  x = 1. The s o l u t i o n  (8-22) f o r  7 expressed  i n  t h e i r  terms c a n ,  

t h e r e f o r e ,  remain f i n i t e  a t  t h e  boundary o n l y  i f  t h e  r e s p e c t i v e  hypergeometr ic  

series a r e  made t o  terminate by s e t t i n g  ( say)  

4 { 2 j  + 5 T m} = -k, (8-25) 
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where k s t a n d s  f o r  an  a r b i t a r y  p o s i t i v e  i n t e g e r .  S i n c e ,  however, t h e n  

5 
2 a = j + k + -  and b = -k,  (8-26) 

t h e  p a r t i c u l a r  s o l u t i o n  of (8-21) which remain f i n i t e  f o r  0 < x < 1 

assumes t h e  form 

- -  

(8-27) 

where Gk d e n o t e s  t h e  corresponding J a c o b i  polynomial of d e g r e e  k .  

Moreover, e q u a t i o n  (8-25) i m p l i e s  t h a t  

(2 j  + 4k + 5)2  = 25 + 4K, (8-28) 

which on i n s e r t i o n  f o r  K from (8-19) and a f t e r  some rearrangement of 

terms assumes t h e  form 

v -2 + 4 -  -2  = y(k + 1 ) ( 2 j  + 2k + 3 ) ;  
V 

(8-29) 

and t h e  frequency of t h e  corresponding o s c i l l a t i o n  w i l l  be  g iven  by 

(8-30) - 2  v = w 2 h2+j (j+l) 

where we have a b b r e v i a t e d  
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w = y ( k  + l ) ( j  + k +?) 3 - 2. (8-31) 

For j > 0 ,  one of t h e  c o n j u g a t e  r o o t s  of (8-29) i s  bound t o  be 

negative--implying dynamical i n s t a b i l i t y .  I f  w ( i . e . ,  k)  i s  l a r g e ,  

t h e  conjugate  r o o t s  (8-30) w i l l  be l e d  by t h e  terms 

- 2  U+... o r  - io +...* 
2w 

v = 2 w +  
2w 

(8-32) 

Thus, f o r  any g i v e n  j ,  t h e  requirement  t h a t  9 be f i n i t e  throughout  

t h e  i n t e r v a l  

i n g  of p o s i t i v e  e i g e n v a l u e s  tending  towards i n f i n i t y  as k i n c r e a s e s ;  

t h e  o t h e r  of n e g a t i v e  e i g e n v a l u e s  tending  towards z e r o .  

0 - -  < x < 1 l e a d s  t o  two t y p e s  of t h e  s p e c t r a :  one c o n s i s t -  

With t h e  e x p l i c i t  form of as g i v e n  by (8-27), t h e  e q u a t i o n s  

(8-20) f o r  u and v assume t h e  e x p l i c i t  form 

j 2 
= A x F ( a , b , c , x  1, 

j ,k 

where, a s  b e f o r e ,  

5 
2 

a = j + - + k ,  

b =  

3 
2 ’  

c = j +--.  

(8-33) 

(8-34) 

and can  be i n t e g r a t e d  t o  f u r n i s h  polynomial  s o l u t i o n s  f o r  u and v 

i n  t h e  fo l lowing  manner. 
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F i r s t ,  w e  n o t e  t h a t  a n  e l i m i n a t i o n  of xv between t h e  f i r s t  two 

p a r t s  of t h e  e q u a t i o n  (8-33) y i e l d s  a r e l a t i o n  of t h e  form 

2 w i t h  F 5 F ( a , b , c , x  ); and i t s  p a r t i c u l a r  i n t e g r a l  which remains f i n i t e  

a t  t h e  o r i g i n  becomes 

(8-36) 

S i n c e ,  moreover, 

c-1 a 2 - F(a-1,b-1,c-1,x ) 
2 

2(a-1) (b-1) ax x F ( a , b , c , x  ) = (8-37) 

and 

(8-38) 2( j+1)F(a ,b ,c ,x2)  = a 1 ~ ~ j + ~ F ( a , b , c + l , x  2 )I 
ax ( 2 j  + 3)x  

t h e  i n t e g r a l s  on t h e  r igh t -hand s i d e  of (8-36) can be  e v a l u a t e d  i n  a 

c l o s e d  form t o  y i e l d  

3 I ( j  + 1 ) ( j  - < 2 ) F ( a - l , b - l , c , x  2 ) 
A .  kxJ A 

4 (a-1) (b-1) G 2  
uj  = 

(8-39) 

+ 2 ( c  - 1) ;2F(a- l ,b - l , c - l ,x  2 ) - j ( j  + G2 + 1 ) I  

where advantage  h a s  been t a k e n  of t h e  i d e n t i t y  
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c (c-1) 2 x 2 F (a ,b , c+ l ,x  2 ) = (a-1) (b-1) lF(a-1 ,b-1 ,c -1 ,x  ) - F(a-1 ,b- l , c ,x  

(8-40) 

The arguments  b - 1 = - (k  + 1) i n  bo th  hypergeometr ic  series 

on t h e  r igh t -hand s i d e  of (8-39) are n e g a t i v e  i n t e g e r s ;  hence ,  bo th  

series a r e  t e r m i n a t i n g  and can be expressed  i n  terms of t h e  J a c o b i  

polynomials  

and 

(8-41) 

2 -  1 1 2  
F(a-1,b-1,c-1,x ) Gk+l(j + ,,j + y , x  (8-42) 

of degrees  2 (k  + 1 )  i n  x .  Moreover, inasmuch as 

t h e  l ead ing  term of t h e  polynomial  e x p r e s s i o n  (8-39) w i l l  be 

(8-43) 

(8-44) 

With a polynomial  s o l u t i o n  f o r  u t h u s  e s t a b l i s h e d ,  t h a t  f o r  v 

f o l l o w s  a l g e b r a i c a l l y  from an i n e q u a l i t y  of t h e  f i r s t  and t h i r d  term of 

t h e  equa t ion  (8-33),  d i s c l o s i n g  t h a t  

i a  z j +1 2 
x ax 

j ( j  + l ) v  = -- (x u) - x F ( a , b , c , x  1. (8-45) 
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I n s e r t i n g  i n  (8 -45)  f o r  u from (8-39)  w e  f i n d  t h a t  

j -1 
Y 2 

A .  kx 
v j  = I 2 (c- l )F(a-1,b-1,c-1,x ) 

4 (a-1) (b-1)G2 
(8 -46)  

+ (ij2 - j ) F ( a - l , b - l , c , x  2 - ( j  + G2 111 

which f o r  k = 0 reduces  aga in  t o  

(8 -47)  

The fo rego ing  e q u a t i o n s  (8-27) w i t h  (8-39)  and (8 -46)  r e p r e s e n t  

c l o s e d  polynomial s o l u t i o n s  f o r  free n o n r a d i a l  o s c i l l a t i o n s  of o r d e r  j 

and mode k of a homogeneous c o n f i g u r a t i o n  of compress ib le  i n v i s c i d  

f l u i d ,  w i t h  c h a r a c t e r i s t i c  f r equenc ie s  < a s  g iven  by e q u a t i o n s  (8 -29 )  

o r  ( 3 - 3 0 ) .  By v i r t u e  of ( 8 - 1 4 ) ,  t h e s e  s o l u t i o n s  are t o  be m u l t i p l i e d  

by a harmonic t ime- fac to r  exp i(< ) of t h e  r e s p e c t i v e  o s c i l l a t i o n ;  
j , k  

and t h e i r  a r b i t r a r y  l i n e a r  combination 

o r  

(8-48) 

(8 -49)  

t h e n  r e p r e s e n t  complete  s o l u t i o n s  of t h e  problem set f o r t h  i n  t h i s  

sect i o n .  
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I X .  THE EFFECTS OF VISCOSITY 

Throughout most p a r t  of t h e  preceding  s e c t i o n  w e  have regarded  

our  c o n f i g u r a t i o n  t o  c o n s i s t  of i n v i s c i d  f luid--a  s i m p l i f y i n g  assumption 

which enabled us  t e m p o r a r i l y  t o  i g n o r e  t h e  e f f e c t s  of t h e  o p e r a t o r  

(a / a t )  on t h e  r ight-hand s i d e s  of e q u a t i o n s  (8-11) and (8-12). The 

a i m  of t h e  p r e s e n t  s e c t i o n  w i l l  be  now t o  r e s t o r e  t h e s e  terms and proceed 

t o  c o n s t r u c t  such s o l u t i o n s  of e q u a t i o n s  (8-11) and (8-12) which t a k e  t h e  

e f f e c t s  of c o n s t a n t  v i s c o s i t y  d u l y  i n t o  account .  

The p r i n c i p a l  new f e a t u r e  of t h i s  problem which d i s t i n g u i s h e s  i t  

from t h e  one t r e a t e d  i n  t h e  preceding  s e c t i o n  i s  t h e  f a c t  t h a t ,  f o r  

harmonic mot i o n  , 

- i;; a 
a t  
- -  (9-1) 

i n  consequence of which t h e  r ight-hand s i d e s  of e q u a t i o n s  (8-11) and (8-12) 

become complex; and t h e i r  s o l u t i o n s  must b e  sought i n  terms of complex 

v e l o c i t y  components U ( X , T )  and V ( X , T )  of t h e  form 

(K+ih)T U ( X , T )  = {u,(x) + i f iu2(x)}e  

and 

V ( X , T )  = {v,(x) + i i iv,(x)}e (K+iX)T 
(9-3) 

where u (x) , vlY2 (x)  a r e  real  f u n c t i o n s  of x and K,X are rea l  

c o n s t a n t s .  A s  6 + 0 ,  t h e  f u n c t i o n s  u,(x) and v,(x) s h o u l d ,  moreover,  

192 
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tend  t o  t h e  l i m i t s  r e p r e s e n t e d  by e q u a t i o n s  (8-34) and (8-35); b u t  t h e  

new f u n c t i o n s  u2(x)  and v 2 ( x )  a r i s i n g  when < 0 remain y e t  t o  b e  

d e f i n e d  and so lved  f o r .  

p r e s e n t  wri ter  ( c f .  Kopal,  1964) f o r  t h e  case of p u r e l y  r a d i a l  o s c i l l a t i o n s  

( j  = 0 ) ,  and extended by Moutsoulas (1967) t o  n o n r a d i a l  o s c i l l a t i o n s ,  

which are of pr imary i n t e r e s t  t o  us i n  t h e  p r e s e n t  r e p o r t ,  i n  a manner 

This  can be done by a method i n i t i a t e d  by t h e  

t o  b e  developed i n  t h i s  s e c t i o n .  

I n  embarking on t h i s  t a s k ,  cons ider  f i r s t  t h e  complex f requency  

K + i X  of harmonic o s c i l l a t i o n s  i n  (9-2) and (9 -3 ) ,  t h e  real  p a r t  of 

which r e p r e s e n t s  t h e  ra te  of damping of t h e  o s c i l l a t o r y  motion,  due t o  a 

v i s c o u s  d i s s i p a t i o n  of k i n e t i c  energy i n t o  h e a t .  A s ,  however, t h e  v i s c o u s  

d i s s i p a t i o n  f u n c t i o n  i s  known t o  be homogeneous and quadratic i n  t h e  v e l o c i t y  

components u and v ,  i t s  magnitude becomes i g n o r a b l e  w i t h i n  t h e  framework 

of o u r  l i n e a r i z e d  t h e o r y  i n i t i a t e d  i n  S e c t i o n  V; and, hence,  c o n s i s t e n t  w i t h  

our  scheme of approximation K can h e r e a f t e r  be n e g l e c t e d .  

Next, as a consequence of (9-2) and (9-3),  t h e  normalized q u a n t i t i e s  

and should l i k e w i s e  b e  e x p r e s s i b l e  as complex f u n c t i o n s  

where,  i n  accordance wi th  (6-5) - (6 -6 )  and (8-10) , 

(9-4 1 

(9-5) 

and  
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- u  ax + v  1 , 2  1 , 2 '  
avl ¶ 2 = x  

192 
xz (9-7) 

I f  w e  i n s e r t  t h e  f o r e g o i n g  complex e x p r e s s i o n s  f o r  u ,  v ,  and 7 

i n  (8-11)¶ and s e p a r a t e  t h e  rea l  and imaginary p a r t s  w e  f i n d  t h a t  (8-11) 

s p l i t s  up i n t o  t h e  f o l l o w i n g  symmetrical p a i r  of s imul taneous  d i f f e r e n t i a l  

e q u a t i o n s  

Equat ions (9-6) and (9-7) r e v e a l  t h a t  

and 

(9-10) 

which i n s e r t e d  i n  (9-8) permi t  us  t o  rewrite t h e  l a t t e r  as  

- - 
2 

a y1¶2 

+ 2(*) '2;' Y X 

+ 12 (4+$ A2) + ( j - 2 ) ( j + 3 )  - ( 1 - x )  2 
ax 
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and y1,2 
c o n s t i t u t i n g  two r e l a t i o n s  between t h e  unknown f u n c t i o n s  

The remaining two c a n ,  i n  t u r n ,  be o b t a i n e d  by a n  i n s e r t i o n  of 1 , 2 '  z 

(9-5) i n  (8-12): i n  doing so  and s e p a r a t i n g  t h e  rea l  and imaginary 

p a r t s  w e  f i n d  them t o  assume t h e  forms 

(9-12) 
2 2 7 y1,2 = A z 

X 

which t o g e t h e r  w i t h  (9-11) r e p r e s e n t  t h e  fundamental  system of d i f f e r e n t i a l  

e q u a t i o n s  governing t h e  o s c i l l a t i o n s  of s e l f - g r a v i t a t i n g  c o n f i g u r a t i o n s  o f  

t h e  1 , 2 '  and z y1,2 
v i s c o u s  f l u i d ;  f o r  once t h e s e  have been so lved  f o r  

cor responding  v e l o c i t y  components u 

(9-6) - (9-7). 

can be determined from 
192 

and v 
192 

It i s  of i n t e r e s t  t o  note t h p t  t h e s e  c q u a t i o n s  arc  q u a d r a t i c  i n  < -- 
a f a c t  which u n d e r l i n e s  t h e  importance of t h e  terms in t roduced  by v i s c o s i t y .  

If + 0,  o n l y  t h e  f u n c t i o n s  with s u b s c r i p t  1 remain r e l e v a n t  t o  t h e  

problem; and a combinat ion of equat ions  (9-11) and (9-12) reduces  t h e n  t o  

y1 E 9 and z = v y ,  w i t h  y as p r e v i o u s l y  g i v e n  by (8-18), and X S G .  --2 
1 -  

I f ,  on  the  o t h e r  hand, 6 -+ 00, t h e  r e l e v a n t  s o l u t i o n s  f o r  Y2 and 2-2 

which remain f i n i t e  a t  t h e  o r i g i n  w i l l  bo th  v a r y  as xj and can d i f f e r  

o n l y  i n  t h e i r  m u l t i p l i c a t i v e  c o n s t a n t s ;  t h e  same b e i n g  t r u e  of u2 and v2 

which v a r y  as -x . j +1 
i t  . I __- .-L . 

I ?  
1 x L't 

& !  
For f i n i t e  v a l u e s  of 1;; e q u a i i o n s  (9-11) T9-12) must b e  t r e a t e d  

as a s imul taneous  system governing f o u r  unknown f u n c t i o n s  YT,2(.x) and 
1. 

. I  
- *  8 -  

2, , ( x ) ;  a s o l u t i o n  of which may a l s o  b e  approached by s u c c e s s i v e  
'i 9 3 -  

t h e  outcome 
192 approximat ions .  For i n s e r t  f o r  z 

I c ,  I I 

d i s c l o s e s  t h a t  
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(9-13) 

where t h e  c o n s t a n t  K c o n t i n u e s  t o  b e  g iven  by (8-19). I n  consequence, 

t h e  r e l a t i o n  

ax 

j ( i+l> 
2 K -  

X 

- 
y2 - 

(9-14) 

becomes independent of v i s c o s i t y ;  and t h e  o p e r a t o r  on i t s  le f t -hand  

s i d e  is  i d e n t i c a l  w i t h  t h a t  of e q u a t i o n  (8-18). I f  t h e  r ight-hand s i d e  

of t h e  foregoing  e q u a t i o n  (9-14) w e  set  e q u a l  t o  z e r o ,  t h e  complete  

p r i m i t i v e  of t h e  homogeneous e q u a t i o n  f o r  

form (8-18). I f ,  moreover,  w e  approximate t h e  f u n c t i o n s  on t h e  r i g h t -  

hand s i d e  of (9-14) by polynomial e x p r e s s i o n s  of t h e  form (8-27),  t h e  

p a r t i c u l a r  i n t e g r a l  of t h e  complete nonhomogeneous e q u a t i o n  (9-14) f o r  

( Y ~ ) ~  can b e  o b t a i n e d  by s t a n d a r d  method; and t h e  cor responding  

e x p r e s s i o n  f o r  ( z ~ ) ~  t h e n  f o l l o w s  from (9-12) a l g e b r a i c a l l y  as 

would indeed b e  of t h e  y2 

(9-15) 2 a j ( i + l >  (zl)o,  1 2 + - - -  
(z*Io  = -7j (Y2lO x ax 2 

3x 

-2 
where,  by (8-161, (z l l0  = A (Y,),- 

A s  t h e  n e x t  s t e p  of o u r  approximat ion  p r o c e d u r e ,  w e  revert  t o  t h e  

second one of t h e  e q u a t i o n s  (9-11) i n  t h e  form 
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j (i+l) 
2 K -  

X 

- 
y 1  - 

(9-16) 

and z 2  on t h e  r ight-hand s i d e  can be i n s e r t e d  from t h e  
y2 where 

s o l u t i o n s  of (9-14) and (9-15); and (9-16) regarded  as a nonhomogeneous 

e q u a t i o n  f o r  a second approximation t o  ( Y ~ ) ~ ;  and 

(9-17) 2 
X 

2 - -  - 
(zl)l 3A2 

The same procedure  can obvious ly  b e  cont inued  u n t i l  t h e  e x p r e s s i o n s  f o r  

c e a s e  t o  d i f f e r  from ( Y ~ , ~ ) ;  o r  ( z ~ , ~ ) ;  by ( ~ 1 , 2 )  i+1 or ( '1,2)i+1 

s i g n i f i c a n t  amounts. 

have 
192 Suppose t h a t  such s t a b i l i z e d  s o l u t i o n s  f o r  y1,2 and z 

and v been e s t a b l i s h e d ;  and from t h e s e  t h e  v e l o c i t y  components u 

w i t h  t h e  a i d  of (9-2) and (9-3). The complex v e l o c i t y  components U ( X , T )  

132 192 

i n  (9-2) - (9-3) ; 
192 

and v 
132 

and V ( X , T )  t h e n  f o l l o w  by i n s e r t i o n  of u 

and t h e i r  rea2 parts--which are of i n t e r e s t  i n  connec t ion  w i t h  our  p h y s i c a l  

problem--should be of t h e  form 

(9-18) Re[u(x,T)]  = e KT p7 u +u COS { A T  + tan-';(u2/u,)} 
1 2  

and ,  s i m i l a r l y ,  

(9-19) 2 2  
Re[v(x,-c)] = eKTr/vl+v2 c o s  { A T  + tan-';(v,/v,)}, 
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whose ampl i tudes  

. 

are i d e n t i c a l  w i t h  t h e  moduli  of t h e  r e s p e c t i v e  complex v e l o c i t y  

components, w h i l e  t h e  a n g l e s  

-1- 
E = t a n  p(u2/u l )  
U 

and 

-1- 
E = t a n  p(v2/v,) 

V 

(9-20) 

(9-21) 

r e p r e s e n t  t h e i r  phase l a g .  

It is  e v i d e n t  from t h e  e x p r e s s i o n s  (9-18) and (9-19) t h a t  t h e  

phase with which a s e l f - g r a v i t a t i n g  c o n f i g u r a t i o n  of a v i s c o u s  f l u i d  can 

o s c i l l a t e - - f r e e l y  o r  i n  response  t o  an  e x t e r n a l  f i e l d  of force- - i s  bound 

t o  v a r y  between t h e  c e n t e r  and t h e  s u r f a c e  of our  c o n f i g u r a t i o n .  The 

r e s p e c t i v e  motion r e p r e s e n t s ,  t h e r e f o r e ,  a t r a v e l l i n g  r a t h e r  t h a n  a 

s t a n d i n g  wave. Only i n v i s c i d  c o n f i g u r a t i o n s  can o s c i l l a t e  w i t h  c o n s t a n t  

phase;  and t h e  l a t t e r  i s  bound t o  become a f u n c t i o n  of r as soon as 

> 0. Moreover, our r e s u l t s  make i t  e v i d e n t  t h a t  t h e  amount by which 

t h e  o s c i l l a t i o n s - - f r e e  o r  forced- -wi l l  l a g  i n  phase may be d i f f e r e n t  f o r  

d i f f e r e n t  v e l o c i t y  components. I n  p a r t i c u l a r ,  i n  t h e  case of s p h e r o i d a l  

symmetry r e p r e s e n t e d  by e q u a t i o n s  (6-1) - (6-3) ,  t h e  phase l a g  i n  t h e  r a d i a l  

v e l o c i t y  component U w i l l  be  d i f f e r e n t  from t h a t  i n  t h e  a n g u l a r  v e l o c i t y  

components V and W.  
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I n  c o n c l u s i o n  of t h e  p r e s e n t  s e c t i o n  t h e  fo l lowing  q u e s t i o n  can 

b e  asked how l a r g e  is  t h e  nondimensional v i s c o s i t y  parameter  

t o  b e  f o r  t h e  Moon? S i n c e ,  i n  t h i s  case, our  u n i t  of l e n g t h  

( i d e n t i c a l  w i t h  t h e  Moon’s mean r a d i u s )  i s  e q u a l  t o  

and o u r  u n i t  of t h e  t i m e  (27rGp0)-?” = 845 sec f o r  

G = 6.68 x 10 cm / g  sec , i t  f o l l o w s  from (8-13) t h a t  

1; 

r* 

l i k e l y  

8 1738 km = 1.738 x 10  c m ;  

= 3.34 g/crn3 and PO 
-8 3 2 

-14 6 = 1.68 x 10 p, (9-22) 

where 1-1 is  expressed  i n  g/cm sec .  This  magnitude of makes i t  

obvious t h a t  f o r  p << 1014g/cm s e c ,  t h e  q u a n t i t y  1; can be ,  throughout  

S e c t i o n  I X ,  regarded  as  a s m a l l  parameter ,  and i t s  e f f e c t s  t r e a t e d  as 

p e r t u r b a t i o n s  of t h e  i n v i s c i d  case d i s c u s s e d  i n  S e c t i o n  V I I I .  I f ,  however, 

p >> 10 g/cm sec, t h e  v i s c o s i t y  e f f e c t s  i n  our  e q u a t i o n s  of motion w i l l  

t e n d  t o  become dominant;  and t h e i r  s o l u t i o n s  should  a s y m p t o t i c a l l y  approach 

1 5  

t h e i r  l i m i t i n g  forms u (x)  - v (x) - xj+’. I n  such a c a s e ,  t h e  a n g l e s  
1 9 2  192 

E. 

o u r  c o n f i g u r a t i o n  w i l l  approach--as i t  should--that of a r i g i d  body. I n  

such  a case, i t  i s  t h e  r e c i p r o c a l  of p which can b e  t r e a t e d  as a s m a l l  

parameter  i n  our  e q u a t i o n s  of motion; and t h e  p e r t u r b a t i o n s  caused by it  

w i l l  measure t h e  d e p a r t u r e s  of t h e  behavior  of o u r  c o n f i g u r a t i o n  from t h a t  

of phase l a g  w i l l  t e n d  t o  become c o n s t a n t  a n d  t h e  dynamical behavior  of 

-- 

a p p r o p r i a t e  f o r  a r i g i d  body. 
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x. FORCED OSCILLATIONS: DISTURBING POTENTIAL 

The s o l u t i o n  of t h e  v i b r a t i o n a l  problem of s e l f - g r a v i t a t i n g  

c o n f i g u r a t i o n s  of a homogeneous b u t  compress ib le  v i s c o u s  f l u i d  of a r b i t r a r y  

v i s c o s i t y ,  a s  g i v e n  i n  t h e  preceding  s e c t i o n ,  a p p l i e s  t o  s m a l l  o s c i l l a t i o n s  

of any kind--whatever t h e i r  or igin--be t h e y  f r e e  o r  f o r c e d .  

case, t h e  u n d e r l y i n g  d i f f e r e n t i a l  e q u a t i o n s  are homogeneous, and t h e  

ampl i tudes  of t h e  o s c i l l a t o r y  motions governed by them are a r b i t r a r y  

(though s m a l l  enough f o r  t h e i r  s q u a r e s  and h i g h e r  powers t o  b e  n e g l i g i b l e ) ;  

bu t  t h e  c h a r a c t e r i s t i c  f r e q u e n c i e s  of o s c i l l a t i o n  are  l i m i t e d  t o  a d i s c r e t e  

spectrum d e f i n e d  by  e q u a t i o n  (8-30) i n  t h e  i n v i s c i d  c a s e ,  and i t s  

g e n e r a l i z a t i o n  i n  S e c t i o n  I X  when v i s c o s i t y  i s  t a k e n  i n  account .  

I n  t h e  former 

However, inasmuch as t h e  fundamental  e q u a t i o n s  (8-11) and back t o  

(6-25) - (6-26) f o r  heterogeneous configurat ions--were o b t a i n e d  by a n  

e l i m i n a t i o n  of t h e  g r a v i t a t i o n a l  p o t e n t i a l  R between (6-16) and (6-17) 

w i t h  t h e  a i d  of (6-21),  i t  f o l l o w s  t h a t  t h e  same e q u a t i o n s  must a l s o  e q u a l l y  

c o n t r o l  a l l  f o r c e d  o s c i l l a t i o n s  of our  conf igura t ions- -such  as, f o r  i n s t a n c e ,  

t h e  l i b r a t i o n s  of t h e  l u n a r  g l o b e ,  o r  a l l  b o d i l y  l i v e s  r a i s e d  by an  e x t e r n a l  

f i e l d  of f o r c e .  Moreover, t h e i r  s o l u t i o n s  must l i k e w i s e  be e x p r e s s i b l e  by 

means of t h e  c h a r a c t e r i s t i c  f u n c t i o n s  which s p e c i f y  f r e e  o s c i l l a t i o n s  i n  

terms of g e n e r a l  series of t h e  form (8-48) and (8-49),  p rovided  o n l y  t h a t  

none of t h e  c h a r a c t e r i s t i c  f r e q u e n c i e s  L, o r  of f r e e  o s c i l l a t i o n s  

c o i n c i d e  w i t h  t h e  f requency  of t h e  d i s t u r b i n g  e x t e r n a l  f o r c e .  

c h a r a c t e r i s t i c  f r e q u e n c i e s  of f r e e  o s c i l l a t i o n s  can be determined by 

imposing t h e  boundary c o n d i t i o n s  d i s c u s s e d  i n  S e c t i o n  V I 1  on d i f f e r e n t i a l  

e q u a t i o n s  set up i n  S e c t i o n s  V I 1 1  and I X ;  b u t  t h e  p e r i o d s  of f o r c e d  

The 
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o s c i l l a t i o n s  impressed by e x t e r n a l  f o r c e s  have n o t  so f a r  made t h e i r  

appearance i n  t h i s  r e p o r t .  The a i m  of t h e  p r e s e n t  s e c t i o n  w i l l  be t o  

deduce them from t h e  s t r u c t u r e  of t h e  d i s t u r b i n g  p o t e n t i a l .  

I n  o r d e r  t o  s p e c i f y ,  q u i t e  g e n e r a l l y ,  t h e  n a t u r e  of tlie a t t r a c t i o n  

e x e r t e d  by an e x t e r n a l  mass m '  a t  a d i s t a n c e  A from t h e  c e n t e r  of 

g r a v i t y  of our  c o n f i g u r a t i o n ,  l e t  

A '  = c o s  4 s i n  0 ,  

1-1' = s i n  9 s i n  8, 

V I  = c o s  e ,  

(10-1) 

d e n o t e  t h e  d i r e c t i o n  c o s i n e s  of an a r b i t r a r y  rad ius-vec tor  r i n  t h e  

r o t a t i n g  body axes ( c f .  S e c t i o n  III), and 

A"  = c o s  u c o s  R - s i n  u s i n  R cos I, 

p" = c o s  u s i n  R + s i n  u cos  R cos  I, 

v" = s i n  u s i n  I, 

(10-2) 

b e  t h e  d i r e c t i o n  c o s i n e s ,  i n  t h e  space  a x e s ,  of t h e  r a d i u s - v e c t o r  A 

j o i n i u g  the centers nf  m a ~ s  of  t h e  two b o d i e s ,  where I d e n o t e s  t h e  

i n c l i n a t i o n  of t h e  o r b i t a l  p l a n e  of t h e  d i s t u r b i n g  body t o  t h e  

e q u a t o r i a l  p l a n e  x ' y '  of t h e  d i s t o r t e d  c o n f i g u r a t i o n ;  and u ,  t h e  

t r u e  l o n g i t u d e  of t h e  m a s s  m '  from t h e  l o n g i t u d e  R of t h e  ascending 

node i n  which t h e  e q u a t o r i a l  and o r b i t a l  p l a n e s  i n t e r s e c t .  

If so  t h e n ,  as i s  w e l l  known, t h e  a t t r a c t i v e  f o r c e  of mass m '  

on o u r  c o n f i g u r a t i o n  w i l l  d e r i v e  from t h e  d i s t u r b i n g  p o t e n t i a l  
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2 
v = -  P2(cos  0) + - e *  T A  3 

G m ' r  

where 

(10-3) 

(10-4)  

s o  t h a t ,  by t h e  a d d i t i o n  theorem f o r  s p h e r i c a l  harmonics ,  

where 

(10-6) -1 
p = R + t a n  (cos  I t a n  u ) .  

I n  consequence, by r e w r i t i n g  t h e  c i r c u l a r  f u n c t i o n s  involved  on 

t h e  r ight-hand s i d e  of (10-5) i n  terms of imaginary e x p o n e n t i a l s ,  w e  

f i n d  t h a t ,  f o r  j = 2,  

(10-7) 

where 
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I 1 2  0 
P 2 ( 4  = ,(3u 

$-2 P 2 ( v >  = -3u 

- 1) , 

1 v ) ,  
1 

(10-8) 

(10-9) 

2 P 2 ( v )  = 3 ( 1  - u 

i Z d e n o t e s  t h e  imaginary u n i t ;  and 

q = cos I. (10-10) 

It i s ,  fur thermore ,  obvious t h a t  e x p r e s s i o n s  analogous t o  (10-7) can b e  

c o n s t r u c t e d  f o r  any s o l i d  harmonic P . ( c o s  0 )  t h a t  may occur  on t h e  

r ight-hand s i d e  of e q u a t i o n  (10-3) of any o r d e r ;  b u t  t h e  r e q u i s i t e  a l g e b r a  

becomes p r o g r e s s i v e l y  more complicated and may be l e f t  as a n  e x e r c i s e  f o r  

t h e  i n t e r e s t e d  r e a d e r .  

J 

On i n s e r t i o n  of (10-7) i n  (10-3) t h e  l a t te r  can e v i d e n t l y  be 

i d e n t i f i e d  w i t h  an expansion of t h e  form (7-12) ,  where 

3 + 2 i u  2 c (t) = - - Gm' 1 1  - 7 (1 + e- ) s i n  11, 
2~ 0 9 2  

C ( t )  = -i - W + 2 u ) ]  cos2 3 I 
Gm' 1 I - e 192 8A3 

+ [.'i" - e  ~ i ( Q - 2 u ) j  s i n 2  1 2 I) s i n  I ,  

(10-11) 

(10-12) 
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Gm' 1 e?2i (Wu)c0s4  1. I 
240 2 c ( t )  = - 3 292 

(10-13) 

+ 2 i  (Q-u> sin4 1 + e  

Next, l e t  u s  assume t h a t  t h e  (Eu le r i an )  a n g l e  e between t h e  

i n s t a n t a n e o u s  p o s i t i o n  of t h e  space  and body axes  z and z '  be  

z e r o ,  and ( i g n o r i n g ,  f o r  t h e  moment, t h e  phenomena of  t h e  p r e c e s s i o n  

and n u t a t i o n )  t h a t  t h e  body axes  x ' , y '  r o t a t e  about  t h e  f i x e d  z 5 z '  

a x i s  w i t h  a uniform angu la r  v e l o c i t y  w I f  s o ,  however, i t  fo l lows  

t h a t  

Z '  

Q = T w t ;  (10-14) 
Z 

t h e  upper  o r  lower s i g n  r e f e r r i n g  t o  d i r e c t  o r  r e t r o g r a d e  r o t a t i o n ,  

r e s p e c t i v e l y .  Moreover, i n  accordance w i t h  t h e  l a w s  of e l l i p t i c  motion,  

t h e  t r u e  l o n g i t u d e  u can be  expanded i n  a F o u r i e r  series of  t h e  t i m e  

t i n  the  form 

- 
u = w + v  

(10-15) 
= G + n t  + 2e s i n  n t  + e 2 s i n  2nt  + *  * ,  

where G deno tes  t h e  l o n g i t u d e  of t h e  p e r i c e n t e r  ( i . e . ,  t h e  a n g u l a r  

d i s t a n c e  between t h e  noda l  and a p s i d a l  l i n e s ) ;  e ,  t h e  o r b i t a l  e c c e n t r i c i t y ;  

and n ,  t he  mean d a i l y  motion of t h e  d i s t u r b i n g  body. 

I n  Sec t ion  V I 1  w e  have seen  t h a t  t h e  t i m e  f u n c t i o n s  C i l j  ( t )  e n t e r  

our  problem through t h e  boundary c o n d i t i o n  (7-23) ,  n o t  as such ,  b u t  th rough 
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t h e i r  t i m e  d e r i v a t i v e s .  I f  w e  d i f f e r e n t i a t e  now e q u a t i o n s  (10-11) - 

(11-13) w i t h  r e s p e c t  t o  t h e  t i m e  we f i n d  t h a t  ( f o r  c o n s t a n t  A )  t h e  

second-harmonic term P (cos 0) i n  VT a l o n e  w i l l  g i v e  r ise t o  t h e  

fo l lowing  f i v e  p a i r s  of fundamental  f r e q u e n c i e s  i n  t h e  d i s t u r b i n g  

f u n c t i o n :  

2 

2 R ,  

t 2 G ,  

2 26, 

2 (R 2 2G), 

2 Z(h 2 li), 

where,  by a d i f f e r e n t i a t i o n  of (10-14) and (10-15) w i t h  r e s p e c t  t o  t h e  

t i m e  , 

h = 7 0  
z '  (lG-16) 

and 

6 = i + n ( 1  + 2e c o s  n t  + 5 e 2 c o s  2nt  + * * * I .  (10-17) 2 

I f  m' w e r e  t o  s t a n d  f o r  t h e  m a s s  of t h e  Moon r a i s i n g  t i d e s  on 

t h e  E a r t h ,  t h o s e  of t h e  frequency 26 would regarded as " f o r t n i g h t l y  

t i d e s " ;  and t h o s e  a s s o c i a t e d  with 

t h o s e  of t h e  f requency  2(wz 2 G) would b e  termed "semi-diurnal".  On 

t h e  Moon t i d a l l y  d i s t u r b e d  by t h e  E a r t h  t h e  a x i a l  r o t a t i o n  i s  e x a c t l y  

synchronized  w i t h  t h e  r e v o l u t i o n - - i . e . ,  w = n --and, as a r e s u l t ,  t h e  

for tn ight ly"  t i d e  becomes semi-diurnal  whi le  t h e  ' ' d iurna l"  t i d e  w i l l  of  

(wz t 26) a s  " d i u r n a l  t i d e s " ;  w h i l e  

z 

I I  

c o u r s e  l a s t  a month; bu t  t h e  "semi-diurnal" becomes weekly ( i . e . ,  
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w i t h  a p e r i o d  of one-quarter  of t h e  month). The s o l a r  t i d e s  on t h e  

Moon w i l l  occur  i n  accordance w i t h  a similar scheme--except t h a t ,  i n  

t h i s  case, w as d e f i n e d  by (10-14) c o n t i n u e s  t o  be i d e n t i c a l  w i t h  

t h e  mean d a i l y  motion of t h e  Moon, t h e  q u a n t i t y  n i n  (10-15) r e f e r s  

t o  t h e  mean d a i l y  motion of t h e  Sun. 

z 

A glance  a t  t h e  r ight-hand s i d e  of e q u a t i o n  (10-7) r e v e a l s  t h a t  

most t i d e s  invoked by t h e  i n d i v i d u a l  t e r m s  of t h e  d i s t u r b i n g  f u n c t i o n  

a r i se  i n  connec t ion  w i t h  a f i n i t e  i n c l i n a t i o n  I of t h e  o r b i t a l  p l a n e  

of t h e  d i s t u r b i n g  body t o  t h e  e q u a t o r  of t h e  d i s t o r t e d  conf igura t ion- -  

an a n g l e  which i s  e q u a l  t o  6'41' f o r  t h e  d i s t o r t i o n  of t h e  Moon by 

t h e  E a r t h ,  and 1'32' f o r  i t s  d i s t o r t i o n  by t h e  Sun. I f  I were z e r o  

and t h e  o r b i t  of t h e  d i s t u r b i n g  body c i r c u l a r ,  on ly  "semi-diurnal" t i d e s  

of  f requency 2 (Tuz + 6 )  would s u r v i v e .  I f ,  however, e > 0 ,  t h e  

v a r i a t i o n  of t h e  r a d i u s  v e c t o r  A -3 i n  VT would--to t h e  f i r s t  power 

i n  o r b i t a l  e c c e n t r i c i t y - - g i v e  rise t o  t h r e e  new ' 'd iurna l ' '  terms of 

f r e q u e n c i e s  

w + n - G ,  
z 

- 
w - r ! - w ,  

z 

w - 3n + G ,  
Z 

and two "semi-diurnal" terms w i t h  f r e q u e n c i e s  

2 
20 - n - w, 

z 
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a l l  of which w i l l  p o s s e s s  c o e f f i c i e n t s  f a c t o r e d  by t h e  e c c e n t r i c i t y  

t h e  mean v a l u e  of which f o r  t h e  l u n a r  o r b i t  around t h e  E a r t h  is  e q u a l  t o  

0.0549 (and 0.01675 f o r  t h e  t e r r e s t r i a l  o r b i t  around t h e  Sun) ,  

f l u c t u a t i n g  between 0.0432 and 0.0666 each month because of e v e c t i o n ;  

and t h i s  l a t t e r  p e r t u r b a t i o n  w i l l ,  i n  t u r n ,  g i v e  r i s e  t o  pa r t i a l  t i d e s  

w i t h  f r e q u e n c i e s  

e ,  

2 w z  - 

2 w  - 3ne+ 2no-  W, z 

where 

E a r t h  and of t h e  Sun, r e s p e c t i v e l y .  

nwno denote  t h e  mean d a i l y  motions ( a s  s e e n  from t h e  Moon) of t h e  

The number of p a r t i a l  t i d e s  a s s o c i a t e d  wi.th harmonics of o r d e r s  

h i g h e r  than  t h e  second i n  t h e  d i s t u r b i n g  p o t e n t i a l  

f a c t o r e d  by h i g h e r  powers of t h e  o r b i t a l  e c c e n t r i c i t y ,  becomes s o  l a r g e  t h a t  

no adequate  account  of them can be g i v e n  i n  t h i s  p l a c e ;  arid t h e  r e a d e r  must 

be r e f e r r e d  t o  a p p r o p r i a t e  1 j . t e r a t u r e  ( e . g . ,  Poincar6 ,  1910; o r  Bartels, 

V T ,  o r  w i t h  c o e f f i c i e n t s  

-3 n r 7 \  L Y J /  J 
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